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For the second inequality, we have
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Chebyshev Mappings of Finite Fields
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Abstract. For a fixed prime p, we consider the set of maps Z/pZ→ Z/pZ of the form
a 7→ Tn(a), where Tn(x) is the degree-n Chebyshev polynomial of the first kind. We observe
that these maps form a semigroup, and we determine its size and structure.

1. INTRODUCTION. Some of the “world’s most interesting” polynomials [2] are
the Chebyshev polynomials [4], which are defined for any positive integer n to be

Tn(x) =
bn/2c∑
k=0

(−1)k
n

n − k

(
n − k

k

)
2n−2k−1xn−2k .

The following table lists the first few Chebyshev polynomials:
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n Tn(x)

1 x

2 2x2
− 1

3 4x3
− 3x

4 8x4
− 8x2

+ 1

5 16x5
− 20x3

+ 5x

6 32x6
− 48x4

+ 18x2
− 1

7 64x7
− 112x5

+ 56x3
− 7x

Chebyshev polynomials have integer coefficients and satisfy Tn(cos θ) = cos nθ
for any θ ∈ R. The induced mappings a 7→ Tn(a) are of particular interest, in part
because the identity Tn ◦ Tm = Tnm = Tm ◦ Tn implies that any two such mappings
commute. The Chebyshev polynomials induce especially remarkable mappings on
the rings Z/pZ for prime p: for instance, if f (x) ∈ (Z/pZ)[x] has degree at most
p1/4, and the map a 7→ f (a) describes a bijection Z/pZ→ Z/pZ, then f is a com-
position of Chebyshev polynomials, cyclic polynomials xd , and linear polynomials1

[1, 5]. The purpose of this note is to analyze the collection of maps Z/pZ→ Z/pZ
which are induced by Chebyshev polynomials. Since there are only finitely many maps
Z/pZ→ Z/pZ of any sort, there must be infinitely many pairs (n,m) of distinct pos-
itive integers such that Tn and Tm induce the same map Z/pZ→ Z/pZ. This leads to
the following questions.

(1) When do Tn and Tm induce the same map Z/pZ→ Z/pZ?

(2) For fixed p, how many distinct maps Z/pZ→ Z/pZ are induced by Chebyshev
polynomials?

We can say more about the structure of the collection of maps Z/pZ→ Z/pZ
induced by Chebyshev polynomials, which we will call Chebyshev maps. For, the
identity Tn ◦ Tm = Tnm implies that (for a fixed prime p) the set of Chebyshev maps
Z/pZ→ Z/pZ is closed under composition, and hence forms a semigroup. This fact
already distinguishes Chebyshev polynomials from most other classes of polynomials,
and raises the following question.

(3) What is the structure of the semigroup of Chebyshev maps Z/pZ→ Z/pZ?

As often happens, the prime p = 2 behaves differently from other primes. The
answers to our questions for p = 2 are as follows.

Theorem 1. The polynomials Tn and Tm induce the same map Z/2Z→ Z/2Z if and
only if n ≡ m (mod 2). There are a total of two Chebyshev maps Z/2Z→ Z/2Z,
namely the identity and the constant map 1. These form a semigroup isomorphic to
Z/2Z under the operation of multiplication.

For odd primes p, the answers to our questions are as follows.

Theorem 2. Let p be an odd prime. The polynomials Tn and Tm induce the same map
Z/pZ→ Z/pZ if and only if n is congruent to either±m or±pm modulo (p2

− 1)/2.

1The coefficients of these linear polynomials are only required to lie in the algebraic closure of Z/pZ.
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The number of distinct Chebyshev maps Z/pZ→ Z/pZ is (p + 1)(p + 3)/8. The
semigroup of Chebyshev maps Z/pZ→ Z/pZ is isomorphic to the quotient of the
multiplicative semigroup Z/((p2

− 1)/2)Z by the subgroup {1,−1, p,−p}.

Before proving these results, we illustrate Theorem 2 by writing it out in the two
smallest cases.

• When p = 3, there are three Chebyshev maps on Z/pZ, induced by T1, T2, and
T4. Here T1 is the identity, T4 is the constant map 1, and T2 ◦ T2 = T4. These three
maps comprise the quotient of the semigroup Z/4Z (under multiplication) by the
subgroup {1, 3}; the cosets of this subgroup are {1, 3}, {0}, and {2}.

• When p = 5, there are six Chebyshev maps on Z/pZ. These maps correspond to
the cosets of the subgroup {1, 5, 7, 11} of the semigroup Z/12Z (under multiplica-
tion), namely,

{0}, {1, 5, 7, 11}, {2, 10}, {3, 9}, {4, 8}, {6}.

Here a prescribed coset corresponds to the map a 7→ Tn(a), where n is any positive
integer whose image in Z/12Z lies in the prescribed coset. The coset containing 1 is
the identity element, and in this case it is the only invertible element in the quotient
semigroup. Note that the cosets have sizes 1, 2, and 4. This also holds for larger
primes, and will be made explicit in the proof of Theorem 2.

2. EVEN CHARACTERISTIC. In this section we prove the following result, which
implies Theorem 1.

Proposition 3. If n is even then Tn(x) ≡ 1 (mod 2); if n is odd then Tn(x) ≡ x
(mod 2).

We begin with an alternate development of Chebyshev polynomials. For any pos-
itive integer n, the fundamental theorem of symmetric polynomials [6, p. 99] im-
plies that there is a unique f ∈ Z[x, y] such that f (u + v, uv) = un

+ vn . More-
over, f (t x, t2 y) is homogeneous in t of degree n, so f (x, y) =

∑
bn/2c
i=0 fi xn−2i yi for

some integers fi . Now put g(x) := f (x, 1) =
∑
bn/2c
i=0 fi xn−2i , so that g(u + u−1) =

un
+ u−n . Then h(x) := g(2x)/2 satisfies h((z + z−1)/2) = (zn

+ z−n)/2, which for
z = eiθ implies that h(cos θ) = cos nθ . Hence h − Tn vanishes at cos θ , and since θ is
arbitrary it follows that h = Tn .

We now determine the lowest-degree term of h, and use it to compute the reduction
of h mod 2. If n is even then substituting u = −v yields

2vn
= (−v)n + vn

= f (0,−v2) = fn/2 · (−v
2)n/2,

so that fn/2 = 2 · (−1)n/2. Since h =
∑
bn/2c
i=0 fi xn−2i 2n−2i−1 and each fi is an integer,

it follows for even n that h ≡ 1 (mod 2). If n is odd then

un
+ vn

u + v
=

(n−1)/2∑
i=0

fi (u + v)
n−1−2i (uv)i ;

substituting u = −v on the right yields f(n−1)/2(−v
2)(n−1)/2, and evaluating the left

side at u = −v (for instance, via l’Hôpital’s rule) yields nvn−1. Thus we find that
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f(n−1)/2 = n · (−1)(n−1)/2 is odd, so that h ≡ x (mod 2). This proves the proposition
(and more).

3. ODD CHARACTERISTIC. In this section we prove Theorem 2. Let p be an odd
prime, and write Fp and Fp for the field Z/pZ and its algebraic closure. As noted in
the previous section, Tn((z + z−1)/2) = (zn

+ z−n)/2.

Lemma 4. For any α ∈ Fp, the number of elements β ∈ F∗p such that β + β−1
= α is

either one or two, and if it is two then the elements are reciprocals of one another.

Proof. For β ∈ F∗p, the equality β + β−1
= α holds precisely when β is a root of

x2
− αx + 1. But this polynomial has either one or two roots in F∗p, and if it has two

then they are reciprocals.

For any α ∈ Fp, write α = β + β−1 with β as in the lemma; then, since pth power-
ing is an automorphism of Fp which fixes α, we have

β p
+ β−p

= α p
= α = β + β−1,

so the lemma implies that β p
∈ {β, β−1

}, whence β p±1
= 1. Conversely, if β ∈ Fp sat-

isfies β p±1
= 1, then β + β−1 is fixed by pth powering, and hence lies in Fp. Thus the

elements of Fp are precisely the elements (β + β−1)/2 where β ∈ Fp and β p±1
= 1.

Now, if β p±1
= 1 then

Tn

(
β + β−1

2

)
= Tm

(
β + β−1

2

)
⇔ βn

+ β−n
= βm

+ β−m

⇔ either βn
= βm or βn

= β−m

⇔ either βn−m
= 1 or βn+m

= 1.

Letting σn denote the map Fp → Fp defined by a 7→ Tn(a), it follows that σn = σm

if and only if every (p ± 1)th root of unity in Fp is either an (n − m)th root of unity
or an (n + m)th root of unity. Since Fp contains both primitive (p + 1)th roots of
unity and primitive (p − 1)th roots of unity, this says that σn = σm if and only if
n ≡ ±m (mod p + 1) and n ≡ ±m (mod p − 1), or equivalently, n ≡ ±m or ± pm
(mod (p2

− 1)/2).
We have shown that the number of maps Fp → Fp induced by Chebyshev poly-

nomials equals the number of orbits of the action of multiplication by {1,−1, p,−p}
on residue classes mod (p2

− 1)/2. There are precisely two orbits of size 1, namely
{0} and {(p2

− 1)/4}. The orbits of size 2 are {±k(p − 1)/2} for k = 1, 2, . . . ,
(p − 1)/2 and {±`(p + 1)/2} for ` = 1, 2, . . . , (p − 3)/2. The remaining
(p2
− 4p + 3)/2 residue classes split into orbits of size 4. Hence the number of

distinct orbits, which equals the number of distinct maps σn , is (p2
+ 4p + 3)/8.

Finally, since Tn ◦ Tm = Tnm , the map n 7→ σn is a semigroup homomorphism from
the multiplicative semigroup of positive integers to the semigroup of maps Fp → Fp

induced by Chebyshev polynomials. Since we showed above that σn = σm precisely
when n ≡ ±m or ± pm (mod (p2

− 1)/2), it follows that the semigroup of Cheby-
shev maps Fp → Fp is isomorphic to the quotient of the multiplicative semigroup
Z/((p2

− 1)/2)Z by the subgroup {±1,±p}.
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4. FINAL REMARKS. It would be interesting to consider similar questions over
more general fields or rings. Proposition 3 shows that if K is any commutative ring
of characteristic 2 then the identity map and the constant map 1 are the only maps
K → K induced by Chebyhsev polynomials. If K is a finite field whose order q is
odd, then the proof of Theorem 2 shows that the number of Chebyshev maps K → K
is (q + 1)(q + 3)/8, and the semigroup of Chebyshev maps is the quotient of the
multiplicative semigroup Z/((q2

− 1)/2)Z by the subgroup {1,−1, q,−q}.
Theorem 2 implies that, for any odd prime p, the group of permutations of Z/pZ

induced by Chebyshev polynomials, or equivalently the group of invertible elements
in our semigroup, is the quotient group (Z/((p2

− 1)/2)Z)∗/〈−1, p〉. This recovers
the main result of [3].

Finally, we note that when examining Chebyshev-like mappings of arbitrary fields
K , it is often convenient to treat the related class of Dickson polynomials. These are
defined for any positive integer n and any α ∈ K by

Dn(x, α) =
bn/2c∑
k=0

n

n − k

(
n − k

k

)
(−α)k xn−2k

(it turns out that n
n−k

(n−k
k

)
is an integer). If 2α 6= 0 then the Dickson polynomial is

related to the Chebyshev polynomial via the change of variables

Dn(x, α) = 2
√
α

n
· Tn

(
x

2
√
α

)
.
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